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Andreev reflection (AR) in ferromagnet/superconductor junctions is an indispensable spectroscopic tool for
measuring spin polarization. We study theoretically how the presence of a thin semiconducting interface in such
junctions, inducing Rashba and Dresselhaus spin-orbit coupling, modifies AR processes. The interface gives
rise to an effective momentum- and spin-dependent scattering potential, making the probability of AR strongly
asymmetric with respect to the sign of the incident electrons’ transverse momenta. This skew AR creates spatial
charge carrier imbalances and transverse Hall currents flow in the ferromagnet. We show that the effect is
giant, as compared to the normal regime. We provide a quantitative analysis and a qualitative picture of this
phenomenon, and finally show that skew AR also leads to a widely tunable transverse supercurrent response in
the superconductor.
Introduction. Due to the extraordinary properties occur-
ring at their interfaces, ferromagnet/superconductor (F/S) het-
erostructures attract considerable interest [1–3]. Such junc-
tions might not only offer novel tools for controlling and mea-
suring charge and spin currents, but might also bring new
functionalities into spintronics devices.
Early efforts focused mainly on detecting spin-polarized
quasiparticles in superconductors via spin transport experi-
ments [4–6], but current progress in the rapidly growing field
of superconducting spintronics [2] opened several promising
perspectives, ranging from the observation of long spin life-
times and giant magnetoresistance effects [7] to the genera-
tion and successful manipulation of superconducting spin cur-
rents [8–15]. But the interplay of magnetism and super-
conductivity gets even more interesting when spin-orbit cou-
pling (SOC) of the Rashba [16] and/or Dresselhaus [17] type
is present [18, 19]. Prominent examples are spin-triplet pair-
ing mechanisms [1, 20–25], leading to long-range supercon-
ducting proximity effects [26–29], and Majorana states [26,
30–36], which are expected to form in superconducting prox-
imity regions in the presence of SOC.
While SOC in bulk materials plays the key role for the ap-
pearance of intrinsic anomalous Hall effects [37–41], recent
theoretical studies [42–47] predicted that interfacial SOC in
F/normal metal (N) tunnel junctions can give rise to extrin-
sic tunneling anomalous Hall effects (TAHEs) in the N, owing
to spin-polarized skew tunneling of electrons through the in-
terface. The unique scaling of the associated TAHE conduc-
tances could make the effect to a fundamental tool for iden-
tifying and characterizing interfacial SOC, and thus provid-
ing the input for tailoring specific systems that could, e.g.,
host Majoranas. Although first experiments on granular junc-
tions confirmed the theoretical predictions [48], the extremely
small TAHE conductances still remain one of the main obsta-
cles. Sizable TAHE conductances require either interfacial
barriers with large SOC, such as ferroelectric semiconduc-
tors (SCs) [47], or completely different junction compositions.
In this paper, we consider F/SC/S junctions, in which the
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normal electrode is replaced by a superconductor. We demon-
strate that, analogously to the tunneling picture in the normal-
conducting case, skew reflection [49] of spin-polarized carri-
ers at the barrier leads to TAHEs in the F. Due to the pres-
ence of a S electrode, we distinguish two skew reflection pro-
cesses: skew specular reflection (SR) and skew Andreev re-
flection (AR). By formulating a qualitative physical picture
accounting for both processes, we assert that skew SR and
skew AR can act together in the S scenario, significantly en-
hancing the TAHE compared to all previously studied (nor-
mal) systems. Special attention must be paid to skew AR,
which additionally transfers Cooper pairs across the barrier
into the S. The electrons forming one Cooper pair are thereby
also subject to the proposed skew reflection mechanism. We
discuss that the result is a spontaneous transverse supercur-
rent response, initially deduced from a phenomenological
Ginzburg-Landau treatment [50], with widely tunable charac-
teristics. Both findings, relatively giant TAHE conductances
in the F and transverse supercurrents in the S, are distinct fin-
gerprints to experimentally detect skew AR and characterize
the interfacial SOC in the junction.
Theoretical model. We consider a biased ballistic
F/SC/S junction grown along the zˆ-direction, in which the two
semi-infinite F and S regions are separated by an ultrathin
SC barrier; see Fig. 1(a). The barrier may, for instance, be
composed of a thin layer of zincblende materials (e.g., GaAs
or InAs) and introduces potential scattering, as well as strong
interfacial Rashba [16] and Dresselhaus [17] SOC [18, 19]
due to the broken inversion symmetry.
The system can be modeled by means of the stationary
Bogoljubov–de Gennes (BdG) Hamiltonian [51],
HˆBdG =
[ Hˆe ∆ˆS(z)
∆ˆ
†
S(z) Hˆh
]
, (1)
where Hˆe = [−~2/(2m)∇2 − µ] σˆ0 − (∆XC/2) Θ(−z) (mˆ ·
σˆ)+VSC dSC σˆ0 δ(z)+HˆSOCSC δ(z) represents the single-electron
Hamiltonian and Hˆh = −σˆy Hˆ∗e σˆy its holelike counterpart
(σˆ0 and σˆi indicate the two-by-two identity and the ith Pauli
matrix; σˆ = [σˆx, σˆy, σˆz]> is the vector of Pauli matrices).
The F is described within the Stoner model with exchange en-
ergy ∆XC and magnetization direction mˆ = [cos Φ, sin Φ, 0]>,
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2FIG. 1. (a) Sketch of the considered F/SC/S junction, using C2v
principal crystallographic orientations, xˆ ‖ [110], yˆ ‖ [110], and
zˆ ‖ [001]. (b) Calculated (zero-bias) normal state reflection prob-
abilities for incident spin up electrons (IN) at the SC interface, in-
voking AR and SR, as a function of Zeff = (2mVeff)/(~2kF) =
Z − (2σmαkx)/(~2kF) [dimensionless BTK-like barrier parameter for
the effective scattering potential in Eq. (2)]; Z = (2mV0d)/(~2kF) (see
black dashed line for an example) is the usual (spin-independent) bar-
rier strength. Owing to skew reflection, electrons with kx < 0 feel an
effectively lowered (dashed violet line) and those with kx > 0 a raised
(dashed orange line) barrier; the carrier imbalance (carrier densities
are proportional to the size of the red and blue circles) generated
via skew SR generates then the transverse Hall current Jx (voltage
drop VH). The skew reflection mechanism is schematically illustrated
in the inset. (c) Same as in (b), but for the superconducting scenario,
in which additionally skew AR plays a key role.
where Φ is measured with respect to the xˆ-axis. Follow-
ing earlier studies [52–56], the ultrathin SC layer is included
into our model as a deltalike barrier with height VSC and
width dSC; its interfacial SOC enters the Hamiltonian [18, 19]
HˆSOCSC = α (ky σˆx − kx σˆy) − β (ky σˆx + kx σˆy), where the first
part accounts for SOC of the Rashba type and the second part
resembles linearized Dresselhaus SOC, both with the effec-
tive strengths α and β, respectively. Inside the S electrode, the
S pairing potential, ∆ˆS(z) = |∆S|Θ(z) (|∆S| is the isotropic en-
ergy gap of the S), couples the electron and hole blocks of the
BdG Hamiltonian. Note that writing ∆ˆS in that way is a rigid
approximation as it neglects proximity effects. While this ap-
proach simplifies the theoretical description, it yields reliable
results for transport calculations [57, 58]. For the sake of sim-
plicity and without loss of generality, we further assume the
same Fermi levels, µ, as well as equal effective carrier masses,
m, in the F and S regions.
Assuming translational invariance parallel to the barrier,
the solutions of the BdG equation, HˆBdG Ψσ(r) = E Ψσ(r),
can be factorized according to Ψσ(r) = ψσ(z) ei (k‖·r‖), where
k‖ = [kx, ky, 0]> (r‖ = [x, y, 0]>) denotes the in-plane mo-
mentum (position) vector and ψσ(z) are the BdG equation’s in-
dividual solutions for the reduced one-dimensional scattering
problem along zˆ. The latter account for the different involved
scattering processes at the SC interface: incoming electrons
with spin σ [σ = +(−)1 for spin up (down), which effec-
tively indicates a spin parallel (antiparallel) to mˆ] may either
undergo AR or SR, or may be transmitted as electronlike or
holelike quasiparticles into the S.
Physical picture—Skew AR (& SR). Due to the presence
of the interfacial SOC, electrons incident on the ultrathin SC
are exposed to an effective scattering potential that incorpo-
rates besides the usual barrier strength (determined by the
barrier’s height and width) also the in-plane momentum- and
spin-dependent contribution of the SOC. To extract valuable
qualitative trends from our model, we first focus on the sim-
ple situation in which only Rashba SOC is present (α > 0,
β = 0), the F’s magnetization is aligned along yˆ (Φ = pi/2),
and ky = 0. In this case, the effective scattering potential reads
Veff = VSC dSC − σα kx, (2)
where the first part represents the usual barrier strength and
the second the SOC-dependent part. Assuming that SOC is
weak and thus spin-flip scattering becomes negligible, only
spin-conserving AR and SR are allowed inside the F, each
with certain probabilities. The latter, extracted from an ex-
tended Blonder–Tinkham–Klapwijk (BTK) model [59] by
substituting the effective scattering potential in Eq. (2) [see the
Supplemental Material (SM) [60] for details], are shown for
incoming spin up electrons as a function of Veff in Figs. 1(b)
and (c), once for the normal state and once for the supercon-
ducting junction.
In the first case, AR is completely forbidden, while the
probability that the incident electron gets specularly reflected
continuously increases with increasing effective scattering po-
tential; note that there is also a finite transmission probability
into the right normal state electrode (not shown). For a con-
stant moderate barrier height and width (black dashed line)
and nonzero Rashba SOC, Eq. (2) then suggests that incoming
spin up electrons with positive kx experience a significantly
lower barrier (violet dashed line) and will thus undergo skew
SR with a much lower probability than those with negative kx
(orange dashed line); the generated spatial charge imbalance
in the F will be compensated by a transverse Hall current flow,
Jx, along xˆ. Strictly speaking, the situation gets exactly re-
versed for incident spin down electrons. Nevertheless, since
there are more occupied spin up states, both channels cannot
completely cancel each other and a finite Hall current remains.
If the junction becomes superconducting, additionally AR
comes into play; although the AR probability generally de-
creases with an increase of Veff , the crucial point is to note
that AR involves holes. As a consequence, this skew AR will
simultaneously also produce an excess of electrons at nega-
tive kx and both the skew AR and SR act together to noticeably
increase the transverse Hall current.
3FIG. 2. Calculated dependence of the zero-bias TAHE conduc-
tances, (a) Gx,z and (b) Gy,z, normalized to Sharvin’s conductance,
GS = (Ae2k2F)/(4pi
2h), on the in-plane magnetization angle Φ, and
for various indicated barrier strengths Z; the Rashba SOC parameter
is α = 42.3 eV Å
2
. The insets show similar normal state calculations,
when the S is replaced by a N.
Another important observation relies on the reflection prob-
abilities’ scaling at large Veff . In both junction scenarios,
the SR probabilities approach unity at Veff  (~2kF)/(2m);
in the superconducting case much faster than in the normal
state. Consequently, the scattering potential is then mostly
determined by the usual barrier parameters (height and width)
and the spin-dependent contribution will only barely impact
the effective scattering potential. Therefore, both skew reflec-
tion and the resulting Hall current are expected to be strongly
damped in the presence of strong barriers, in superconducting
even more than in normal-conducting junctions.
TAHE conductances. As a clear fingerprint to experi-
mentally detect skew AR, our qualitative picture suggests
a significant enhancement of the superconducting junctions’
TAHE conductance when compared to the normal state
regime. To evaluate the TAHE conductances along the
transverse ηˆ-direction (η ∈ {x; y}), we follow a generalized
BTK approach [59], yielding the zero temperature TAHE con-
ductances
Gη,z = −G0A8pi2
∑
σ=±1
∫
d2k‖
kη
kσz
{[∣∣∣rσ,σe (eV)∣∣∣2 + ∣∣∣rσ,−σe (eV)∣∣∣2]
+
[∣∣∣rσ,−σh (−eV)∣∣∣2 + ∣∣∣rσ,σh (−eV)∣∣∣2]} , (3)
where G0 = (2e2)/h abbreviates the conductance quantum,
A stands for the cross-section area, kσz =
√
k2F (1 + σP) − k2‖
represents the zˆ-component of the particles’ wave vector in the
FIG. 3. Calculated dependence of the zero-bias TAHE conductances,
(a) Gx,z and (b) Gy,z, normalized to GS, on the in-plane magnetiza-
tion angle Φ for the same parameters as in Fig. 2. The contributions
stemming from SR, spin-flip SR (SR-Flip), and similarly those orig-
inating from ARs, are separately resolved.
F with spin polarization P = (∆XC/2)/µ, and kF =
√
2mµ/~ is
the Fermi wave vector. The reflection coefficients rσ,σe (r
σ,−σ
e )
correspond to SR (spin-flip SR), while rσ,−σh (r
σ,σ
h ) indicate
AR (spin-flip AR); note that spin-flip AR means by definition
that the reflected hole has the same spin as the incident elec-
tron. Unlike for the (longitudinal) tunneling conductance [59],
SR and AR contribute to the Hall conductances with the same
sign since the specularly reflected electron and the Andreev
reflected hole move into opposite transverse directions; the
different sign in the transverse velocities gets then compen-
sated by the opposite charge of electrons and holes. As a con-
sequence, the charge imbalances created by skew SR and AR
can indeed give rise to individual Hall currents flowing along
the same directions that finally lead to the sizable Hall re-
sponse in the superconducting junction.
To elaborate on the TAHE conductances’ main features,
we evaluate Eq. (3) for a Fe/GaAs/V like model junction;
the spin polarization in Fe is P = 0.7 (Fermi wave vector
kF ≈ 8 × 107 cm−1 [61]), while |∆S| ∼ 1.6 meV refers to V’s
gap [61]. The (material-specific) Dresselhaus SOC strength
of GaAs can be approximated [19, 62] as β ≈ ZkFγ with
γ ≈ 24 eV Å3 being the cubic Dresselhaus parameter for
GaAs [19]. The GaAs barrier’s height and width are cap-
tured by the dimensionless BTK-like barrier measure Z =
(2mVSCdSC)/(~2kF) (typically, VSC ∼ 0.75 eV [62], so that
Z = 1 represents a barrier with thickness dSC ∼ 0.40 nm). Fig-
ure 2 shows the dependence of the normalized zero-bias [63]
TAHE conductances, Gx,z and Gy,z, on the orientation of the
4in-plane magnetization in the F for various barrier strengths Z
and the Rashba SOC parameter α ≈ 42.3 eV Å2, which lies
well within the experimentally accessible values [62, 64]. To
quantitatively compare the conductance amplitudes, the insets
show analogous calculations in the normal-conducting state.
Our simulations reveal all the TAHE conductances’ impor-
tant properties. First, we observe the sin- (cos-like) varia-
tion of Gx,z (Gy,z) with respect to the F’s magnetization an-
gle. Those dependencies follow immediately from symme-
try considerations in the junction [60] and unambiguously re-
flect the system’s magnetoansiotropic transport characteris-
tics [44]. Second, we find that skew AR and SR can indeed act
together in the superconducting junctions and lead to sizable
TAHE conductances (& voltages [60]) compared to normal
junctions. Specifically, Gx,z can be increased by more than
one order of magnitude and Gy,z still roughly by a factor of
four if superconductivity is present. However, the full phys-
ical mechanism is more complicated than our simple picture
in Fig. 1; there, we considered for simplicity one particular
combination of in-plane momenta. To obtain the (total) bal-
anced TAHE conductances, we need to average over all possi-
ble configurations [see Eq. (3)], which can—mostly depend-
ing on the barrier and Rashba SOC strengths—also reverse the
effective direction of the Hall current as we observe for exam-
ple in Gy,z when increasing Z from Z = 1 to Z = 4 [60].
Finally, we can confirm the stated connection between the
skew reflection mechanism and the TAHE conductances in
the presence of strong tunneling barriers. As Z increases,
Veff is mostly determined by the bare barrier strength itself,
see Eq. (2), and the in-plane momentum- and spin-dependent
SOC asymmetry, responsible for the Hall current generation,
gets remarkably suppressed, especially in the superconduct-
ing regime. As a result, strong barriers significantly decrease
the TAHE conductances.
To resolve SR and AR, Fig. 3 shows their spin-resolved
conductance contributions. The spin-flip AR part is not sep-
arately shown as its amplitudes are up to two orders of mag-
nitude smaller than those of (spin-conserving) AR. Interest-
ingly, the total TAHE conductance is nearly fully dominated
by (spin-conserving) SR and AR; both contributions are com-
parable in magnitude and have the same signs so that skew SR
and AR indeed enhance each other and result in the predicted
sizable TAHE conductances. Since spin-flip SR involves elec-
trons with opposite spin, the effective barrier picture in Fig. 1
gets reversed and thus, also the related TAHE conductance
contribution changes its sign. Nevertheless, this contribution
is much smaller than those attributed to spin-conserving skew
reflections so that it cannot modify the TAHE conductances’
qualitative features.
Supercurrent response. AR is the crucial scattering pro-
cess at metal/S interfaces; it transfers Cooper pairs into the
S, converting normal dissipative into supercurrents, plays an
important role for experimentally quantifying Fs’ spin polar-
izations [65], and is also essential for the sizable TAHE con-
ductances in the F of our system. Particularly interesting are
the transferred Cooper pairs, which are also exposed to the
effective interfacial scattering potential and may thus trigger
a response in terms of a spontaneously generated transverse
FIG. 4. Calculated dependence of the zero-bias transverse su-
percurrent response, Ix (Iy in the inset), normalized according to
[Ix (y)e]/(GSpi|∆S|), on the in-plane magnetization angle Φ for the
same parameters as in Fig. 2.
supercurrent in the S [50]. Within our model, we evaluate the
transverse supercurrent components (at zero external bias), Iη,
starting from a generalized Furusaki–Tsukada technique [66];
see the SM [60] for details. For the considered parame-
ters, we concluded that the main skew AR contribution to the
TAHE conductance comes from the spin-conserving process.
As the latter involves spin-singlet Cooper pairs with opposite
transverse momenta and spins, one could think about a gener-
alized skew reflection picture, similarly to Fig. 1, for the two
individual electrons forming a singlet Cooper pair. As a con-
sequence, the induced supercurrents’ qualitative features are
expected to follow the same trends as those of the TAHE con-
ductances in Fig. 2. Figure 4, presenting Iη as a function of the
magnetization angle Φ, confirms this expectation: the super-
current components’ dependence on Φ and their orientations
(signs) reflect one-by-one the properties of the TAHE con-
ductances in the F. Even the sign change we explored in Gy,z
when changing Z from Z = 1 to Z = 4 is (qualitatively) trans-
ferred into the supercurrent response Iy. Nevertheless, there
is one important difference to the TAHE conductance, con-
cerning the currents’ magnitudes. The supercurrent response
always results from two single electrons that tunnel into the
S forming a Cooper pair; therefore, in order to generate siz-
able supercurrents, both electrons must simultaneously skew
tunnel into the S (mediated by skew AR), which is less likely
at strong barriers than skew tunneling of one unpaired elec-
tron. As a result, the maximal supercurrent amplitudes—up
to several mA’s for optimal configurations—mostly occur at
smaller Z than the maximal TAHE conductance amplitudes in
the F.
To conclude, we investigated the intriguing interplay of
skew SR and AR at SC interfaces of superconducting tunnel
junctions. We predict that the interplay of both skew reflection
processes can constructively amplify their effects. Further-
more, also the Cooper pairs transferred into the S via AR cy-
cles are subject to interfacial skew reflection. As a result, both
sizable TAHE conductances in the F and characteristically
modulating transverse supercurrents in the S are generated,
opening new venues for experimental and theoretical studies.
5ACKNOWLEDGMENTS
This work was supported by the International Doctor-
ate Program Topological Insulators of the Elite Network of
Bavaria and DFG SFB Grant No. 1277, project B07 (A. C.
and J. F.), as well as by DARPA Grant No. DP18AP900007
and US ONR Grant No. N000141712793 (A. M.-A.).
[1] M. Eschrig, Phys. Today 64, 43 (2011).
[2] J. Linder and J. W. A. Robinson, Nature Phys. 11, 307 (2015).
[3] E. C. Gingrich, B. M. Niedzielski, J. A. Glick, Y. Wang, D. L.
Miller, R. Loloee, W. P. Pratt Jr, and N. O. Birge, Nat. Phys.
12, 564 (2016).
[4] P. M. Tedrow and R. Meservey, Phys. Rev. Lett. 26, 192 (1971).
[5] P. M. Tedrow and R. Meservey, Phys. Rev. B 7, 318 (1973).
[6] R. Meservey and P. M. Tedrow, Phys. Rep. 238, 173 (1994).
[7] H. Yang, S.-H. Yang, S. Takahashi, S. Maekawa, and S. S. P.
Parkin, Nat. Mater. 9, 586 (2010).
[8] T. Wakamura, H. Akaike, Y. Omori, Y. Niimi, S. Takahashi,
A. Fujimaki, S. Maekawa, and Y. Otani, Nat. Mater. 14, 675
(2015).
[9] D. Beckmann, J. Phys. Condens. Matter 28, 163001 (2016).
[10] F. S. Bergeret and I. V. Tokatly, Phys. Rev. B 94, 180502(R)
(2016).
[11] C. Espedal, P. Lange, S. Sadjina, A. G. Mal’shukov, and
A. Brataas, Phys. Rev. B 95, 054509 (2017).
[12] J. Linder, M. Amundsen, and V. Risinggård, Phys. Rev. B 96,
094512 (2017).
[13] J. A. Ouassou, S. H. Jacobsen, and J. Linder, Phys. Rev. B 96,
094505 (2017).
[14] K.-R. Jeon, C. Ciccarelli, H. Kurebayashi, J. Wunderlich, L. F.
Cohen, S. Komori, J. W. A. Robinson, and M. G. Blamire,
Phys. Rev. Appl. 10, 014029 (2018).
[15] X. Montiel and M. Eschrig, Phys. Rev. B 98, 104513 (2018).
[16] Y. A. Bychkov and E. I. Rashba, J. Phys. C 17, 6039 (1984).
[17] G. Dresselhaus, Phys. Rev. 100, 580 (1955).
[18] I. Zˇutic´, J. Fabian, and S. Das Sarma, Rev. Mod. Phys. 76, 323
(2004).
[19] J. Fabian, A. Matos-Abiague, C. Ertler, P. Stano, and I. Zˇutic´,
Acta Phys. Slovaca 57, 565 (2007).
[20] F. S. Bergeret, A. F. Volkov, and K. B. Efetov, Phys. Rev. Lett.
86, 4096 (2001).
[21] A. F. Volkov, F. S. Bergeret, and K. B. Efetov, Phys. Rev. Lett.
90, 117006 (2003).
[22] R. S. Keizer, S. T. B. Goennenwein, T. M. Klapwijk, G. Miao,
G. Xiao, and A. Gupta, Nature 439, 825 (2006).
[23] K. Halterman, P. H. Barsic, and O. T. Valls, Phys. Rev. Lett.
99, 127002 (2007).
[24] M. Eschrig and T. Lo¨fwander, Nat. Phys. 4, 138 (2008).
[25] K. Sun and N. Shah, Phys. Rev. B 91, 144508 (2015).
[26] M. Duckheim and P. W. Brouwer, Phys. Rev. B 83, 054513
(2011).
[27] F. S. Bergeret and I. V. Tokatly, Phys. Rev. Lett. 110, 117003
(2013).
[28] F. S. Bergeret and I. V. Tokatly, Phys. Rev. B 89, 134517 (2014).
[29] S. H. Jacobsen and J. Linder, Phys. Rev. B 92, 024501 (2015).
[30] J. Nilsson, A. R. Akhmerov, and C. W. J. Beenakker, Phys.
Rev. Lett. 101, 120403 (2008).
[31] S.-P. Lee, J. Alicea, and G. Refael, Phys. Rev. Lett. 109,
126403 (2012).
[32] S. Nadj-Perge, I. K. Drozdov, J. Li, H. Chen, S. Jeon, J. Seo,
A. H. MacDonald, B. A. Bernevig, and A. Yazdani, Science
346, 602 (2014).
[33] E. Dumitrescu, B. Roberts, S. Tewari, J. D. Sau, and S. Das
Sarma, Phys. Rev. B 91, 094505 (2015).
[34] R. Pawlak, M. Kisiel, J. Klinovaja, T. Meier, S. Kawai,
T. Glatzel, D. Loss, and E. Meyer, npj Quantum Inf. 2, 16035
(2016).
[35] M. Ruby, B. W. Heinrich, Y. Peng, F. von Oppen, and K. J.
Franke, Nano Lett. 17, 4473 (2017).
[36] G. Livanas, M. Sigrist, and G. Varelogiannis, Sci. Rep. 9, 6259
(2019).
[37] E. Hall, London, Edinburgh, Dublin Philos. Mag. J. Sci. 12, 157
(1881).
[38] P. Wo¨lfle and K. Muttalib, Ann. Phys. 15, 508 (2006).
[39] N. Nagaosa, J. Phys. Soc. Japan 75, 042001 (2006).
[40] N. A. Sinitsyn, J. Phys. Condens. Matter 20, 023201 (2008).
[41] N. Nagaosa, J. Sinova, S. Onoda, A. H. MacDonald, and N. P.
Ong, Rev. Mod. Phys. 82, 1539 (2010).
[42] A. Vedyayev, N. Ryzhanova, N. Strelkov, and B. Dieny, Phys.
Rev. Lett. 110, 247204 (2013).
[43] A. V. Vedyayev, M. S. Titova, N. V. Ryzhanova, M. Y. Zhu-
ravlev, and E. Y. Tsymbal, Appl. Phys. Lett. 103, 032406
(2013).
[44] A. Matos-Abiague and J. Fabian, Phys. Rev. Lett. 115, 056602
(2015).
[45] T. H. Dang, H. Jaffre`s, T. L. Hoai Nguyen, and H.-J. Drouhin,
Phys. Rev. B 92, 060403(R) (2015).
[46] T. Huong Dang, D. Quang To, E. Erina, T. Hoai Nguyen, V. Sa-
farov, H. Jaffre`s, and H.-J. Drouhin, J. Magn. Magn. Mater.
459, 37 (2018).
[47] M. Y. Zhuravlev, A. Alexandrov, L. L. Tao, and E. Y. Tsymbal,
Appl. Phys. Lett. 113, 172405 (2018).
[48] V. V. Rylkov, S. N. Nikolaev, K. Y. Chernoglazov, V. A. Demin,
A. V. Sitnikov, M. Y. Presnyakov, A. L. Vasiliev, N. S. Perov,
A. S. Vedeneev, Y. E. Kalinin, V. V. Tugushev, and A. B. Gra-
novsky, Phys. Rev. B 95, 144202 (2017).
[49] Conventional skew scattering actually refers to momentum- and
spin-dependent scattering of spin-polarized charge carriers on
magnetic impurities. To clearly differentiate between that and
our reflection-based mechanism (which does not require the
presence of impurities at all), we rely on the term skew reflec-
tion.
[50] S. Mironov and A. Buzdin, Phys. Rev. Lett. 118, 077001
(2017).
[51] P. G. De Gennes, Superconductivity of Metals and Alloys (Ad-
dison Wesley, Redwood City, 1989).
[52] M. J. M. de Jong and C. W. J. Beenakker, Phys. Rev. Lett. 74,
1657 (1995).
[53] I. Zˇutic´ and O. T. Valls, Phys. Rev. B 60, 6320 (1999).
[54] I. Zˇutic´ and O. T. Valls, Phys. Rev. B 61, 1555 (2000).
[55] A. Costa, P. Ho¨gl, and J. Fabian, Phys. Rev. B 95, 024514
6(2017).
[56] A. Costa, J. Fabian, and D. Kochan, Phys. Rev. B 98, 134511
(2018).
[57] K. K. Likharev, Rev. Mod. Phys. 51, 101 (1979).
[58] C. W. J. Beenakker, Rev. Mod. Phys. 69, 731 (1997).
[59] G. E. Blonder, M. Tinkham, and T. M. Klapwijk, Phys. Rev. B
25, 4515 (1982).
[60] See the attached Supplemental Material, including Refs. [16–
19, 44, 47, 48, 51–56, 59, 62, 64, 66–73], for more details.
[61] I. Martı´nez, P. Ho¨gl, C. Gonza´lez-Ruano, J. P. Cascales, C. Tiu-
san, Y. Lu, M. Hehn, A. Matos-Abiague, J. Fabian, I. Zˇutic´,
and F. G. Aliev, (submitted) (2018), arXiv:1812.08090.
[62] A. Matos-Abiague and J. Fabian, Phys. Rev. B 79, 155303
(2009).
[63] Experimental measurements of the TAHE response in the F will
simultaneously also detect a contribution stemming from con-
ventional anomalous Hall effects. To separate both parts, one
could exploit the TAHE contribution’s unique voltage depen-
dence [60].
[64] J. Moser, A. Matos-Abiague, D. Schuh, W. Wegscheider,
J. Fabian, and D. Weiss, Phys. Rev. Lett. 99, 056601 (2007).
[65] R. J. Soulen, M. S. Osofsky, B. Nadgorny, T. Ambrose,
P. Broussard, S. F. Cheng, J. Byers, C. T. Tanaka, J. Nowack,
J. S. Moodera, G. Laprade, A. Barry, and M. D. Coey, J. Appl.
Phys. 85, 4589 (1999).
[66] A. Furusaki and M. Tsukada, Solid State Commun. 78, 299
(1991).
[67] P. Ho¨gl, A. Matos-Abiague, I. Zˇutic´, and J. Fabian, Phys. Rev.
Lett. 115, 116601 (2015).
[68] W. L. McMillan, Phys. Rev. 175, 559 (1968).
[69] J. Nitta, T. Akazaki, H. Takayanagi, and T. Enoki, Phys. Rev.
Lett. 78, 1335 (1997).
[70] T. Koga, J. Nitta, T. Akazaki, and H. Takayanagi, Phys. Rev.
Lett. 89, 046801 (2002).
[71] L. Chen, M. Gmitra, M. Vogel, R. Islinger, M. Kronseder,
D. Schuh, D. Bougeard, J. Fabian, D. Weiss, and C. Back, Nat.
Electron. 1, 350 (2018).
[72] D. C. Giancoli, Physics, 4th ed. (Prentice Hall, 1995).
[73] X. Wang, J. R. Yates, I. Souza, and D. Vanderbilt, Phys. Rev.
B 74, 195118 (2006); Phys. Rev. B 76, 169902(E) (2007).
SUPPLEMENTAL MATERIAL
Skew Andreev reflection in ferromagnet/superconductor junctions
Andreas Costa,1, ∗ Alex Matos-Abiague,2 and Jaroslav Fabian1
1Institute for Theoretical Physics, University of Regensburg, 93040 Regensburg, Germany
2Department of Physics and Astronomy, Wayne State University Detroit, Michigan 48201, USA
In this Supplemental Material, we present the computational details not included into the manuscript and clarify the impact
of the remaining parameters, which could be particularly important in experiments to identify suitable parameter regimes for a
reliable measurement. We use the abbreviations declared in our manuscript and the same junction parameters if not specifically
indicated.
I. BDG SCATTERING STATES IN THE F AND S REGIONS
As introduced in the manuscript, we consider a three-dimensional tunnel junction composed of a semi-infinite F region and a
semi-infinite S region, spanning z < 0 and z > 0 half-spaces, respectively. Both electrodes are separated by an ultrathin SC, which
breaks the space inversion symmetry and simultaneously gives rise to interfacial Rashba [S1] and Dresselhaus [S2] SOC [S3, S4].
We include that layer into our model in terms of a deltalike potential barrier [S5–S9]. In particle-hole Nambu space, relying on
the basis set Ψ =
[
ψ↑, ψ↓, (ψ↓)†, (−ψ↑)†
]>
, the junction’s stationary BdG equation [S10] reads[ Hˆe ∆ˆS(z)
∆ˆ
†
S(z) Hˆh
]
Ψσ(r) = E Ψσ(r). (S1)
The single-particle Hamiltonians for electrons and holes, Hˆe and Hˆh, as well as the S pairing potential, ∆ˆS(z), are defined in the
manuscript.
As particles are solely scattered along the zˆ-direction, we can assume the wave vector parallel to the interface, k‖ =
[
kx, ky, 0
]>
,
to be conserved. Therefore, in order to obtain the BdG equation’s eigenstates, we substitute the general ansatz
Ψσ(r) = ψσ(z) ei (k‖·r‖), (S2)
with r‖ =
[
x, y, 0
]>, into Eq. (S1), to effectively reduce our problem to finding the one-dimensional scattering states ψσ(z)
for a given spin σ [σ = +(−)1 for spin parallel (antiparallel) to the magnetization unit vector, mˆ, in the F; note that we will
simultaneously also use the established terms spin up and spin down for σ = 1 and σ = −1].
For an incoming electron with spin σ from the F electrode, ψσ(z) is found to be
ψσ(z < 0) =
1√
2

1
σ eiΦ
0
0
 eikσz,ez + rσ,σe 1√2

1
σ eiΦ
0
0
 e−ikσz,ez + rσ,−σe 1√2

1
−σ eiΦ
0
0
 e−ik−σz,e z
+ rσ,−σh
1√
2

0
0
1
σ eiΦ
 eik−σz,h z + rσ,σh 1√2

0
0
1
−σ eiΦ
 eikσz,hz. (S3)
As we mentioned in the manuscript, the SR coefficients without and with a spin-flip are denoted by rσ,σe and r
σ,−σ
e (the first σ
refers to the incoming electron’s spin and the second one to the spin of the reflected electron), while we use the coefficients rσ,−σh
and rσ,σh for AR and spin-flip AR. Note that in the ordinary AR process (without a spin-flip), the retroreflected hole has by
definition opposite spin compared to the incident electron. Analogously, ψσ(z) in the S electrode can be written as
ψσ(z > 0) = tσ,σe

u
0
v
0
 eiqz,ez + tσ,−σe

0
u
0
v
 eiqz,ez + tσ,σh

v
0
u
0
 e−iqz,hz + tσ,−σh

0
v
0
u
 e−iqz,hz, (S4)
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II
accounting for transmission of the incident electron as an electronlike quasiparticle (coefficients tσ,±σe ) or as a holelike quasipar-
ticle (coefficients tσ,±σh ). The zˆ-components of the electrons’ and holes’ wave vectors in the F are given by
kσz,e =
√
2m
~2
[
µ + E + σ
∆XC
2
]
− k2‖ and kσz,h =
√
2m
~2
[
µ − E + σ∆XC
2
]
− k2‖ , (S5)
while those in the S are
qz,e =
√
2m
~2
[
µ +
√
E2 − |∆S|2
]
− k2‖ and qz,h =
√
2m
~2
[
µ −
√
E2 − |∆S|2
]
− k2‖ . (S6)
In a typical situation, the (quasi)particle excitation energies, E, as well as the superconducting gap, |∆S|, are both much smaller
than the chemical potential, i.e., E  µ and |∆S|  µ. Therefore, we can use the commonly approximated wave vectors
kσz,e ≈ kσz,h ≈ kσz =
√
k2F(1 + σP) − k2‖ [P = (∆XC/2)/µ is an effective measure for the F’s spin polarization] and qz,e ≈ qz,h ≈
qz =
√
k2F − k2‖ to dramatically simplify the further theoretical treatment of our junction; kF =
√
2mµ/~ is the Fermi wave vector,
which we assumed to be the same in all constituents. The factors u = u(E) and v = v(E), appearing in the S’s scattering states,
are the usual BCS coherence factors, satisfying
u(E) =
√√√
1
2
1 +
√
1 − |∆S|
2
E2
 = √1 − v2(E). (S7)
To obtain the so far unknown scattering coefficients—which generally depend on the particle energy via the coherence factors
and on the parallel momentum via the wave vectors—the states need to fulfill the interfacial (z = 0) boundary conditions
ψσ(z)
∣∣∣
z=0−
= ψσ(z)
∣∣∣
z=0+
, (S8){[
~2
2m
d
dz
+ VSCdSC
]}
ηψσ(z)
∣∣∣
z=0−
+
[
Ω · σˆ 02×2
02×2 −(Ω · σˆ)
]
ψσ(z)
∣∣∣
z=0−
=
~2
2m
d
dz
ηψσ(z)
∣∣∣
z=0+
, (S9)
where η = diag[σˆ0, −σˆ0]; Ω = [αky − βky, −αkx − βkx, 0] contains the Rashba and Dresselhaus spin-orbit fields.
The resulting eight-dimensional system of equations can then be numerically solved for a generic bias voltage V by setting
the excitation energy E = eV . However, at zero bias (E = eV = 0), the coherence factors simply reduce to u(E = 0) = 1/
√
2
and v(E = 0) = −i/√2, and we can easily find analytical expressions for the reflection coefficients. In the (superconducting)
F/SC/S junction, those “zero-bias reflection coefficients” read
rσ,σe =
{
−Ω2e4iΦ
(
k˜−σz − k˜σz
) (
k˜−σz + k˜
σ
z
)
+ 4iσk˜−σz Ωe
3iΦ
[
q˜2z +
(
k˜σz − iZ
)2
+
∣∣∣∣Ω∣∣∣∣2] + 4iσk˜−σz Ω∗eiΦ [q˜2z + (k˜σz − iZ)2 + ∣∣∣∣Ω∣∣∣∣2]
+
(
Ω
∗)2 [(
k˜σz
)2 − (k˜−σz )2] − 2e2iΦ {2 [(k˜−σz )2 (k˜σz − iZ)2 − (q˜2z + ik˜σz Z + Z2)2] − 2 ∣∣∣∣Ω∣∣∣∣4
+ Ω Ω
∗ [(
k˜−σz
)2 − 4q˜2z − (k˜σz − 2iZ)2]} }/γ , (S10)
rσ,−σe =
{
2k˜σz Ω
2
{
e4iΦ
(
k˜σz − k˜−σz
)
+ 2iσΩe3iΦ
[
q˜2z +
(
k˜−σz − iZ
) (
k˜σz − iZ
)
+
∣∣∣∣Ω∣∣∣∣2]
− 2iσΩ∗eiΦ
[
q˜2z +
(
k˜−σz − iZ
) (
k˜σz − iZ
)
+
∣∣∣∣Ω∣∣∣∣2] + (Ω∗)2 (k˜−σz − k˜σz ) } }/γ , (S11)
rσ,−σh =
{
4σk˜σz q˜ze
iΦ
{
Ωe2iΦ
(
k˜σz − k˜−σz − 2iZ
)
+ 2iσeiΦ
[
q˜2z +
(
k˜σz − iZ
) (
k˜−σz + iZ
)
+
∣∣∣∣Ω∣∣∣∣2] + Ω∗ (k˜σz − k˜−σz − 2iZ)} }/γ , (S12)
rσ,σh =
{
− 8iσk˜σz q˜zZeiΦ
(
Ωe2iΦ −Ω∗
) }/
γ , (S13)
with the common denominator
γ = Ω
2
e4iΦ
(
k˜−σz − k˜σz
)2 − 4iσΩe3iΦ (k˜−σz − k˜σz ) (k˜σz k˜−σz + q˜2z − Z2 + ∣∣∣∣Ω∣∣∣∣2) − 4iσΩ∗eiΦ (k˜−σz − k˜σz ) (k˜−σz k˜σz + q˜2z − Z2 + ∣∣∣∣Ω∣∣∣∣2)
+
(
Ω
∗)2 (
k˜−σz − k˜σz
)2 − 2e2iΦ{2 [(k˜−σz k˜σz + q˜2z )2 + [(k˜−σz )2 + (k˜σz )2 + 2q˜2z ] Z2 + Z4] + 2 ∣∣∣∣Ω∣∣∣∣4
−Ω Ω∗
[(
k˜−σz
)2 − 6k˜−σz k˜σz + (k˜σz )2 − 4q˜2z + 4Z2] }. (S14)
III
Thereby, the dimensionless “tilde wave vectors” are obtained by dividing the above given ones by the Fermi wave vector kF,
i.e., k˜±σz = k±σz /kF and q˜z = qz/kF; we further omitted the energy argument in the notation of the coefficients since we are
only considering the particular case E = eV = 0 here. The impact of the tunneling barrier is hidden in the dimensionless
BTK-like [S11] parameter Z = (2mVSCdSC)/(~2kF), while the effective dimensionless SOC strengths λR = (2mα)/~2 and λD =
(2mβ)/~2 enter the dimensionless SOC “matrix element” Ω = (λR − λD)ky/kF + i(λR + λD)kx/kF. It is easy to check that in the
case of absent Rashba and Dresselhaus SOC, Ω = 0, the spin-flip reflection coefficients immediately vanish.
In a similar manner, we can analytically compute the reflection coefficients for the (normal-conducting) F/SC/N junction.
Within our model, the scattering states in the superconductor reduce to the well-known ones for a N when substituting u = 1 and
v = 0. Solving the system of equations following from the boundary conditions in that particular scenario yields
rσ,σe =
{
Ωe2iΦ
(
k˜σz + k˜
−σ
z
)
+ Ω
∗ (
k˜σz + k˜
−σ
z
)
+ 2iσeiΦ
[(
k˜σz − q˜z − iZ
) (
k˜−σz + q˜z + iZ
)
−Ω Ω∗
] }/
Γ , (S15)
rσ,−σe =
{
2k˜σz
(
Ωe2iΦ −Ω∗
) }/
Γ , (S16)
rσ,−σh = 0, (S17)
rσ,σh = 0, (S18)
with the common denominator
Γ = −Ωe2iΦ
(
k˜−σz − k˜σz
)
+ 2iσeiΦ
[(
k˜−σz + q˜z + iZ
) (
k˜σz + q˜z + iZ
)
+
∣∣∣∣Ω∣∣∣∣2] + Ω∗ (k˜σz − k˜−σz ) . (S19)
The fact that the AR coefficients become zero in the normal-conducting system is physically clear since AR naturally appears
just at metal/S interfaces. As above, the spin-flip SR coefficient, rσ,−σe , vanishes in the absence of SOC (Ω = 0).
II. BTK-LIKE PROBABILITIES FOR SKEW SR AND SKEW AR
In the manuscript, we argued that assuming weak SOC justifies to restrict our considerations in the F on spin-conserving AR
and SR as the only allowed scattering processes; transmissions are only possible if the S is in the normal-conducting state or
at energies above the S gap. Due to the interfacial SOC, incident electrons feel at the SC interface not only the usual potential
barrier’s strength (determined by the barrier’s height and width), but also an additional in-plane momentum- and spin-dependent
scattering potential; see Eq. (2) in the manuscript for the limiting case of β = 0, ky = 0, and Φ = pi/2. Transferring the resulting
effective scattering potential into the dimensionless BTK-like Z-parameter, see Sec. I, i.e., Z 7→ Zeff = Z − (2σmαkx)/(~2kF),
allows us to write the BTK-like reflection probabilities for SR and AR as
Rσ,σe =
∣∣∣rσ,σe ∣∣∣2 (S20)
and
Rσ,−σh =
√
1 − σP
1 + σP
∣∣∣rσ,−σh ∣∣∣2 , (S21)
with
rσ,σe =
2k˜σz
[
k˜−σz
(
u2 − v2
)
+ q˜z
(
u2 + v2
)
− iZeff
(
u2 − v2
)]
k˜σz q˜z
(
u2 + v2
) − ik˜σz Zeff (u2 − v2) + k˜−σz [k˜σz (u2 − v2) + q˜z (u2 + v2) + iZeff (u2 − v2)] + q˜2z (u2 − v2) + Z2eff (u2 − v2) − 1 (S22)
and
rσ,−σh =
4k˜σz q˜zuv
k˜σz q˜z
(
u2 + v2
) − ik˜σz Zeff (u2 − v2) + k˜−σz [k˜σz (u2 − v2) + q˜z (u2 + v2) + iZeff (u2 − v2)] + q˜2z (u2 − v2) + Z2eff (u2 − v2) . (S23)
The dimensionless “tilde wave vectors” are the same as defined in Sec. I. Figures 1(b)–(c) in the manuscript show the evaluated
reflection probabilities for incident spin up electrons (σ = 1) and zero external bias voltage (eV = 0), once for the normal state
and once for the superconducting regime. To exemplarily illustrate the effective in-plane momentum- and spin-dependent barrier
strengths, responsible for the skew reflection mechanism, we considered Z = 1 (black dotted line), (2mα)/(~2kF) = 1, and
kx = ±kF/2 there; this suggests effective barriers of Zeff = 0.5 for the positive and Zeff = 1.5 for the negative kx as indicated by
the violet and orange colored dashed lines in Figs. 1(b)–(c).
IV
III. TUNNELING & TAHE CONDUCTANCES IN THE F REGION
Once all reflection coefficients are known, the tunneling (longitudinal) current in the F electrode can be obtained from the
imbalance between the distributions of right-propagating and left-propagating charge carriers. The full calculation is rather
technical and therefore, we only state the main points here. Throughout this work, we use the convention that positive current
flows from left to right and negative current from right to left; the (positive) elementary charge is represented by e.
For an incident spin σ electron from the left F electrode, the net resulting current flow is given by
(
Jσz
)LEFT
= e
∑
k‖
∑
kσz
{[
~kσz
m
− ~k
σ
z
m
∣∣∣rσ,σe (E)∣∣∣2 − ~k−σzm ∣∣∣rσ,−σe (E)∣∣∣2
]
f 0(E − eV)
[
1 − f 0(E)
]
+
[
−~k
−σ
z
m
∣∣∣rσ,−σh (E)∣∣∣2 − ~kσzm ∣∣∣rσ,σh (E)∣∣∣2
] [
1 − f 0(−E − eV)
]
f 0(−E)
}
. (S24)
The first summand refers to the incoming electron propagating from left to right with the positive (longitudinal) velocity
vσz = (~k
σ
z )/m; the specularly and Andreev reflected electrons and holes propagate along the opposite direction, which we
generally account for by using negative (longitudinal) velocities for the reflected parts. As the incident electron undergoes SR
or AR only with certain probabilities, the respective current contributions need to be weighted by fractional parts which in-
dicate that the corresponding scattering process occurs at all, i.e., by the related absolute squares of the reflection coefficients
(which are themselves proportional to the reflection probabilities). Finally, appropriate products of Fermi-Dirac distribution
functions [generally abbreviated with f 0(E)] are introduced to ensure that there are indeed occupied states for electrons (and
likewise unoccupied ones for holes) in the left and unoccupied (occupied) states to tunnel into in the right electrode. Thereby,
the longitudinal voltage drop V along the junction has to be carefully included into the Fermi-Dirac functions.
In the same way, we can also compute the current associated with an incoming spin σ electron(like quasiparticle) from the
right electrode. Instead of dealing with quasiparticles in the S, it is more convenient to simply suppose an incident hole with
spin σ from the left (F) region; both descriptions are fully equivalent for computing transport properties. The related net current
is found to read
(
Jσz
)RIGHT
= e
∑
k‖
∑
kσz
{[
−~k
σ
z
m
+
~kσz
m
∣∣∣r˜σ,σh (E)∣∣∣2 + ~k−σzm ∣∣∣r˜σ,−σh (E)∣∣∣2
] [
1 − f 0(E − eV)
]
f 0(E)
+
[
~k−σz
m
∣∣∣r˜σ,−σe (E)∣∣∣2 + ~kσzm ∣∣∣r˜σ,σe (E)∣∣∣2
]
f 0(−E − eV)
[
1 − f 0(−E)
]}
. (S25)
Note that the reflection coefficients for an incoming hole can in general be different from the ones we obtained for an incident
electron in Sec. I; to stress this difference, we used “tilde reflection coefficients” in Eq. (S25). Particularly in the case of
antisymmetric junctions, e.g., by having finite-size electrodes, the reflection probabilities for the different injection processes
can indeed strongly differ and one should really proceed with the given general formulas when calculating the total current.
However, owing to our junction’s symmetry, we find that the total SR and AR probabilities averaged across the whole cross-
section area are the same for incoming electrons and holes, i.e.,
∑
k‖
[
kσz
∣∣∣rσ,σe (E)∣∣∣2 + k−σz ∣∣∣rσ,−σe (E)∣∣∣2] = ∑
k‖
[
kσz
∣∣∣r˜σ,σh (E)∣∣∣2 + k−σz ∣∣∣r˜σ,−σh (E)∣∣∣2] (S26)
and
∑
k‖
[
k−σz
∣∣∣rσ,−σh (E)∣∣∣2 + kσz ∣∣∣rσ,σh (E)∣∣∣2] = ∑
k‖
[
k−σz
∣∣∣r˜σ,−σe (E)∣∣∣2 + kσz ∣∣∣r˜σ,σe (E)∣∣∣2] . (S27)
This allows us to obtain a rather simple expression for the total current by combining Eqs. (S24) and (S25), rewriting the sums
over k‖ and kσz as integrals within continuum approximation (A is the interfacial cross-section area), and finally summing over
Vboth spin channels,
Jz =
∑
σ=±1
[
(Jσz )
LEFT + (Jσz )
RIGHT
]
= e
∑
σ=±1
A
(2pi)3
∫
d2k‖
∫ ∞
−∞
dkσz
{[
~kσz
m
− ~k
σ
z
m
∣∣∣rσ,σe (E)∣∣∣2 − ~k−σzm ∣∣∣rσ−σe (E)∣∣∣2
] [
f 0(E − eV) − f 0(E)
]
+
[
−~k
−σ
z
m
∣∣∣rσ,−σh (E)∣∣∣2 − ~kσzm ∣∣∣rσ,σh (E)∣∣∣2
] [
f 0(E + eV) − f 0(E)
]}
= e
∑
σ=±1
A
(2pi)3
∫
d2k‖
∫ ∞
−∞
dE
(
∂kσz
∂E
) {[
~kσz
m
− ~k
σ
z
m
∣∣∣rσ,σe (E)∣∣∣2 − ~k−σzm ∣∣∣rσ−σe (E)∣∣∣2
] [
f 0(E − eV) − f 0(E)
]
+
[
−~k
−σ
z
m
∣∣∣rσ,−σh (E)∣∣∣2 − ~kσzm ∣∣∣rσ,σh (E)∣∣∣2
] [
f 0(E + eV) − f 0(E)
]}
. (S28)
Equation (S28) is valid at arbitrary temperatures through the general expressions for the Fermi-Dirac functions. The junction’s
differential tunneling conductance is then obtained from Gz,z = dJz/dV; particularly at zero temperature, we may use the relation
d f 0(E)/dE ≈ −δ(E) to obtain the compact expression
Gz,z =
G0A
2(2pi)2
∑
σ=±1
∫
d2k‖
{
1 −
[∣∣∣rσ,σe (eV)∣∣∣2 + k−σzkσz ∣∣∣rσ,−σe (eV)∣∣∣2
]
+
[
k−σz
kσz
∣∣∣rσ.−σh (−eV)∣∣∣2 + ∣∣∣rσ,σh (−eV)∣∣∣2]} , (S29)
with the usual conductance quantum G0 = (2e2)/h. Equation (S29) is the generalization of the BTK conductance formula [S11]
to the case of F/SC/S junctions with interfacial SOC [S12].
To derive the transverse currents, Jη (η ∈ {x; y}), and the related transverse TAHE conductances, Gη,z, we follow a similar
procedure. The most crucial point in the derivation is to properly replace the velocities along the zˆ-direction by those along the
ηˆ-direction without messing up the signs. Taking into account the contributions of an incident spin σ electron from the F and
another one from the S (which is again equivalent to having an incoming hole from the F) yields for the transverse currents
Jη = e
∑
σ=±1
∑
k‖
∑
kσz
{[
~kη
m
− ~kη
m
∣∣∣rσ,σe (E)∣∣∣2 − ~kηm ∣∣∣rσ,−σe (E)∣∣∣2
]
f 0(E − eV)
[
1 − f 0(E)
]
+
[
~kη
m
∣∣∣rσ,−σh (E)∣∣∣2 + ~kηm ∣∣∣rσ,σh (E)∣∣∣2
] [
1 − f 0(−E − eV)
]
f 0(−E)
+
[
−~kη
m
− ~kη
m
∣∣∣r˜σ,σh (E)∣∣∣2 − ~kηm ∣∣∣r˜σ,−σh (E)∣∣∣2
] [
1 − f 0(E − eV)
]
f 0(E)
+
[
~kη
m
∣∣∣r˜σ,−σe (E)∣∣∣2 + ~kηm ∣∣∣r˜σ,σe (E)∣∣∣2
]
f 0(−E − eV)
[
1 − f 0(−E)
]}
. (S30)
The physical meaning of the different contributions is illustrated and explained in Fig. S1 and its caption, and therefore, we do
not discuss it here.
As before, we can express the SR and AR coefficients in the case of an incident hole via the known ones for an incoming
electron by exploiting the symmetries in our system; specifically, we unravel∑
k‖
[
kη
∣∣∣rσ,σe (E)∣∣∣2 + kη ∣∣∣rσ,−σe (E)∣∣∣2] = −∑
k‖
[
kη
∣∣∣r˜σ,σh (E)∣∣∣2 + kη ∣∣∣r˜σ,−σh (E)∣∣∣2] (S31)
and ∑
k‖
[
kη
∣∣∣rσ,−σh (E)∣∣∣2 + kη ∣∣∣rσ,σh (E)∣∣∣2] = −∑
k‖
[
kη
∣∣∣r˜σ,−σe (E)∣∣∣2 + kη ∣∣∣r˜σ,σe (E)∣∣∣2] , (S32)
which simplifies the total transverse currents to
Jη = e
∑
σ=±1
A
(2pi)3
∫
d2k‖
∫ ∞
−∞
dE
(
∂kσz
∂E
) {[
~kη
m
− ~kη
m
∣∣∣rσ,σe (E)∣∣∣2 − ~kηm ∣∣∣rσ−σe (E)∣∣∣2
] [
f 0(E − eV) − f 0(E)
]
+
[
~kη
m
∣∣∣rσ,−σh (E)∣∣∣2 + ~kηm ∣∣∣rσ,σh (E)∣∣∣2
] [
f 0(E + eV) − f 0(E)
]}
. (S33)
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FIG. S1. Illustration of the different scattering processes’ contributions to the full transverse current flow computed by means of Eq. (S30).
The panels (a)–(f) reflect the contributions in the same order as they enter Eq. (S30). Panel (a) refers to the incident spin σ electron from
the F; its transverse velocity along the ηˆ-direction is |vη| = (+~kη)/m (violet) and, since the electron propagates towards the barrier, we count
its net contribution to the transverse current positively (green positive sign). Panels (b) and (c) indicate the two possible reflection processes of
the incoming electron: SR and AR. In the first case, the reflected electron’s transverse velocity does not change, while in the second scenario,
the reflected hole has opposite transverse velocity. In contrast to the incoming electron, the reflected particles propagate away from the barrier
(along −zˆ) and thus, in order to get a balanced current flow in the barrier region, we have to subtract their contributions from the incident
current (green negative signs). Both processes only occur with certain probabilities, which we account for by multiplying the contributions
by the reflection coefficients’ absolute squares. Panels (d)–(f) show analogous considerations for an incoming electron(like quasiparticle)
from the S. As mentioned in the text, instead of dealing with quasiparticles in the S, it is more convenient to suppose an incident spin σ hole
from the F; we followed that approach in Eq. (S30), which particularly means that processes (e) and (f) gain an additional negative sign in
Eq. (S30) when compared to the depicted situation (as we need to transfer the shown processes’ scattering coefficients from the electron- into
the hole-picture). This is also the deeper reason behind the notation of the “tilde reflection coefficients”. Finally, all described parts must be
properly multiplied by Fermi-Dirac distribution functions in Eq. (S30), ensuring that the incoming and scattered states are indeed occupied
and unoccupied as the different scattering processes require. Note that there are several other ways to construct an ansatz for the transverse
current, which are all equivalent to ours and lead to the same final result [see Eq. (S34)] in the end.
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FIG. S2. Calculated dependence of the maximal TAHE conductances, (a) Gx,z(Φ = pi/2) and Gy,z(Φ = 0), normalized to Sharvin’s conductance,
on the applied bias voltage V , and for various indicated barrier strengths Z; the Rashba SOC parameter is α = 42.3 eV Å
2
.
At zero temperature, the transverse TAHE conductance components, Gη,z = dJη/dz, can again be approximated as
Gη,z =
G0A
2(2pi)2
∑
σ=±1
∫
d2k‖
kη
kσz
{
1 −
[∣∣∣rσ,σe (eV)∣∣∣2 + ∣∣∣rσ,−σe (eV)∣∣∣2] + [∣∣∣rσ,−σh (−eV)∣∣∣2 + ∣∣∣rσ,σh (−eV)∣∣∣2]}
= − G0A
2(2pi)2
∑
σ=±1
∫
d2k‖
kη
kσz
{[∣∣∣rσ,σe (eV)∣∣∣2 + ∣∣∣rσ,−σe (eV)∣∣∣2] + [∣∣∣rσ,−σh (−eV)∣∣∣2 + ∣∣∣rσ,σh (−eV)∣∣∣2]} ; (S34)
in the last step, we used
∫
d2k‖ kη/kσz = 0 due to symmetry. The final result is given as Eq. (3) in the manuscript. As already
mentioned there, the SR and AR parts remarkably enter with the same sign into the final expression for the transverse currents,
contrarily to what has been established in the BTK model for the tunneling (longitudinal) current. This observation can be phys-
ically justified since—in contrast to the longitudinal velocity components, which point into the same direction—the specularly
reflected electron’s and the Andreev reflected hole’s transverse velocity vectors point along opposite directions (see Fig. S1); the
accumulated relative sign between both contributions is then exactly compensated by the fact that holes possess opposite charge.
Finally, the SR and AR parts must appear with same signs in the final transverse current formula. This confirms our statement
made in the manuscript when discussing the skew reflection mechanism: skew SR and AR can indeed constructively amplify
the TAHE, thus noticeably enhancing the associated conductances compared to the normal state counterpart.
For the data presented in Figs. 2 and 3 of the manuscript (zero-bias scenario), we evaluated Eq. (S34) and the analytically ob-
tained reflection coefficients [see Eqs. (S10)–(S14) in the superconducting and Eqs. (S15)–(S19) in the normal-conducting state];
the integration over k‖ was performed numerically by means of a two-dimensional Gaussian quadrature algorithm, where the
upper integration limit in the |k‖|-integration was adapted such that we ensure propagating states for the incident electrons,
|k‖|σmax = min[kF
√
1 + σP; kF]. At finite bias voltages [see Figs. S2–S3], we additionally obtained the reflection coefficients
numerically from the generic system of equations following from the methodology described in Sec. I and then proceeded with
the general equations for the conductance components.
IV. SYMMETRY ANALYSIS OF THE TAHE CONDUCTANCES
Given the general form of the TAHE conductances, Eq. (S34), we may have a closer look at the underlying symmetries to
extract valuable information about the conductances’ characteristic scaling behavior, for instance, with respect to the magne-
tization angle Φ; see also Ref. [S13]. The latter quantity’s impact is hidden in the general form of the reflection coefficients;
see, e.g., Eqs. (S10)–(S13). For a fixed k‖, the system has only two preferred spatial directions: one oriented along the spin-
orbit fields, Ω(k‖), and another one along the magnetization unit vector, mˆ. Exploiting this observation, we may expand the
reflection coefficient-dependent part in Eq. (S34) for weak SOC by means of a Taylor series in [mˆ ·Ω(k‖)], which has the general
form
−
{[∣∣∣rσ,σe (eV)∣∣∣2 + ∣∣∣rσ,−σe (eV)∣∣∣2] + [∣∣∣rσ,−σh (−eV)∣∣∣2 + ∣∣∣rσ,σh (−eV)∣∣∣2]} ≈ ∞∑
i=0
ξ(i)
[
mˆ ·Ω(k‖)](i) . (S35)
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FIG. S3. Calculated dependence of the maximal TAHE conductances, (a) Gx,z(Φ = pi/2) and (b) Gy,z(Φ = 0), normalized to Sharvin’s con-
ductance, on the applied bias voltage V and for various indicated barrier strengths Z; the Rashba SOC parameter is α = 42.3 eV Å
2
. The plots
show the conductance contributions stemming from spin-conserving and spin-flip AR; the contributions of the corresponding SR processes are
depicted in the insets.
It is not necessary for the following analysis to specify the concrete form of the expansion coefficients ξ(i); the only important
observation is that as SOC is assumed to be weak, these expansion coefficients can be evaluated when SOC is absent [Eq. (S35)
then treats the situation with nonzero SOC in a perturbative-like way]. Inserting Eq. (S35) into Eq. (S34) and terminating the
Taylor series after the second order yields for the approximated transverse conductances (in the presence of SOC)
Gη,z ≈ G(0)η,z + G(1)η,z + G(2)η,z + . . . , (S36)
with the single constituents
G(i)η,z =
G0A
2(2pi)2
∑
σ=±1
∫
d2k‖
kη
kσz
ξ(i)
[
mˆ ·Ω(k‖)](i) . (S37)
Let us at first focus for a moment on Gx,z. Substituting polar coordinates, kx = |k‖| cos θ and ky = |k‖| sin θ, and writing out the
two-dimensional integral results in
G(i)x,z =
G0A
2(2pi)2
∑
σ=±1
∫ |k‖ |σmax
0
d|k‖|
∫ 2pi
0
dθ
|k‖| cos θ
kσz
ξ(i)
[
mˆ ·Ω(k‖)](i) . (S38)
By inspecting the different factors’ parities with respect to changing the sign of k‖, we can immediately deduce which of the
integrals finally entering Eq. (S36) will lead to nonzero contributions (to lowest order). There are only two parts with odd k‖-
parity: kx and mˆ ·Ω [since Ω(−k‖) = −Ω(k‖)]. As a consequence, only those G(i)η,z’s in Eq. (S36) containing odd powers of mˆ ·Ω
can give rise to a totally even k‖-integrand and will hence not vanish after performing the k‖-integration over the whole two-
dimensional space parallel to the interface. In our case, only G(1)x,z fulfills all these requirements to lead to a nonzero conductance
contribution.
After plugging in the explicit form of Ω, we obtain in polar coordinates
Gx,z ≈ G(1)x,z ∼
∑
σ=±1
∫ |k‖ |σmax
0
d|k‖|
∫ 2pi
0
dθ
[
(α − β) cos Φ|k‖|2 cos θ sin θ − (α + β) sin Φ|k‖|2 cos2 θ
]
∼ −(α + β) sin Φ. (S39)
In the last step, we again relied on our parity argumentation: the integrand’s first summand has odd k‖-parity and vanishes after
performing the k‖-integration. The characteristic scaling behavior of Gx,z with respect to Φ, Gx,z(Φ) ∼ −(α + β) sin Φ, solely
follows from symmetry arguments and is a characteristic fingerprint of the TAHE conductance as stated in the manuscript; it
has already been found in the normal-conducting TAHE [S13, S14] and remains unaffected in superconducting systems. An
analogous treatment of Gy,z suggests Gy,z(Φ) ∼ (α − β) cos Φ. Therefore, the interference of simultaneously present Rashba
and Dresselhaus SOC leads to a clearly pronounced magnetoanisotropy between Gx,z and Gy,z as stated in the manuscript; the
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FIG. S4. Calculated dependence of the maximal zero-bias TAHE conductances, (a) Gx,z(Φ = pi/2) and (b) Gy,z(Φ = 0), normalized to
Sharvin’s conductance, on the dimensionless Rashba SOC parameter λR = (2mα)/~2 (α = 42.3 eV Å
2
refers to λR ∼ 11.2), and for various
indicated barrier strengths Z. (A) and (B) show the corresponding normal state calculations.
maximal conductance amplitudes scale as a function of the SOC strengths as Gx,z(Φ = pi/2) ∼ −(α+ β) and Gy,z(Φ = 0) ∼ α− β,
respectively. If Dresselhaus SOC is absent and only Rashba SOC remains finite, the anisotropy between Gx,z and Gy,z disappears
and the maximal amplitudes become equal (up to a relative sign). All our analyzed (numerical) calculations reflect exactly the
expected symmetries.
V. TRANSVERSE SUPERCURRENT RESPONSE IN THE S REGION
We stated in the manuscript that interpreting the existence of TAHEs in magnetic tunnel junctions in terms of momentum-
and spin-dependent skew AR and SR of particles at the SC interface suggests that also the Cooper pairs transferred into the
superconducting electrode of our junction via the AR processes must encounter a similar effect, eventually leading to a sponta-
neously generated transverse supercurrent response there. To compute transverse supercurrents in the S layer (for simplicity, at
zero external bias), we follow the well-established Green’s function-based technique, which was firstly introduced by Furusaki
and Tsukada [S15] to compute Josephson current flows. Since both electrodes of our system span semi-infinite regions, it does
actually not matter for transport calculations which of them is located at z < 0 and which at z > 0. To avoid too many confusing
negative signs in the propagating wave functions and to be consistent with the notation introduced in Ref. [S15], we assume for
a moment that the S electrode is at z < 0 and the F at z > 0, respectively. The BdG scattering states for an incoming electronlike
Xquasiparticle with spin up (spin parallel to the F’s magnetization) can then be written as
ψ(1)(z < 0) =

u
0
v
0
 eiqzz +A(1)

u
0
v
0
 e−iqzz + B(1)

0
u
0
v
 e−iqzz + C(1)

v
0
u
0
 eiqzz +D(1)

0
v
0
u
 eiqzz (S40)
and
ψ(1)(z > 0) = E(1) 1√
2

1
eiΦ
0
0
 eikσ=1z z + F (1) 1√2

1
−eiΦ
0
0
 eikσ=−1z z
+ G(1) 1√
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0
0
1
−eiΦ
 e−ikσ=1z z +H (1) 1√2

0
0
1
eiΦ
 e−ikσ=−1z z; (S41)
the BCS coherence factors, as well as the wave vectors, are the same as declared in Sec. I. The calligraphically written scat-
tering coefficients are again obtained by applying appropriate boundary conditions, similarly to Eqs. (S8)–(S9), to the states
and solving the resulting system of equations. Particularly important will be the spin up AR coefficient C(1). Similar consid-
erations are repeated for an incident electronlike quasiparticle with spin down and holelike quasiparticles; the corresponding
AR coefficients required for calculating the supercurrent are in those situations denoted by D(2), A(3), and B(4), accordingly.
Once all four AR coefficients are determined, the transverse supercurrent components (including singlet and triplet contributions
simultaneously) in the S layer close to the interfacial SC, Iη (η ∈ {x, y}), are obtained from
Iη =
ekBT
2~
|∆S|
∑
k‖
∑
ωn
kη√
k2F − k2‖
C
(1)(iωn) +D(2)(iωn) +A(3)(iωn) + B(4)(iωn)√
ω2n + |∆S|2
 . (S42)
Equation (S42) can be derived from the system’s Matsubara Green’s function [S8, S15, S16]; ωn = (2n + 1)pikBT with integer n
denotes the (fermionic) Matsubara frequencies, while kB stands for Boltzmann’s constant. Although the thermal energy, kBT ,
appears in the numerator of Eq. (S42), one should be aware that also the AR coefficients depend on temperature in a nontrivial
way. Therefore, although it might not be too obvious at a first glance, Eq. (S42) is also well-applicable at zero temperature by
properly considering the limit T → 0+. For Fig. 4 in the manuscript, we evaluated Eq. (S42) fully numerically for the indicated
parameters.
VI. DEPENDENCE OF TAHE CONDUCTANCES ON BIAS VOLTAGE
In the manuscript, we analyzed the TAHE conductances at zero external bias voltage. Nevertheless, our presented analytical
approach is general enough to treat also the situation of finite bias. Figure S2 illustrates the scaling of the maximal TAHE con-
ductances, (a) Gx,z(Φ = pi/2) and (b) Gy,z(Φ = 0), with increasing bias voltage V (e and |∆S| are kept constant). We particularly
focus on the subgap regime eV/|∆S| ≤ 1 that corresponds to superconducting junctions; considering eV/|∆S|  1 effectively
reduces our model simply to the description of its normal-conducting counterpart. As explained in the manuscript (at zero bias
voltage), the TAHE conductances’ amplitudes become sizable in the superconducting and dramatically damped in the normal-
conducting state. Increasing the external bias voltage in superconducting junctions even results in a further remarkable increase
of the TAHE conductances (without changing the relative orientations of the Hall currents), reaching a clearly pronounced trans-
verse conductance peak slightly below the superconducting gap. Exactly at the gap edge, eV/|∆S| = 1, both TAHE conductances
drop exactly to zero before finally approaching the small (but finite) values indicating the normal state TAHE analog. All the
observed characteristics can again be traced back to the effective skew reflection model introduced in the manuscript; see Fig. 1
and the related explanations there. At finite bias, the AR and SR probabilities modulate much faster with a change of the effective
scattering potential strength than at zero voltage. As a consequence, the asymmetry between the scattering potentials incident
particles with positive and negative transverse momentum are exposed to is much more pronounced; that creates a much stronger
spatial charge imbalance and larger Hall current flows (TAHE conductances).
Particularly at the gap edge, eV/|∆S| = 1, both the AR and SR probabilities approach constant values and get completely
independent of the effective interfacial scattering potential. In the ideal case of a N/S junction, BTK [S11] predicts perfect AR
at eV = |∆S| (SR and quasiparticle transmissions into the S are forbidden), finally leading to the formation of a clear finite-bias
XI
FIG. S5. Calculated dependence of the maximal zero-bias TAHE conductances, (a) Gx,z(Φ = pi/2) and (b) Gy,z(Φ = 0), normalized to
Sharvin’s conductance, on the barrier strength Z for two indicated Rashba SOC parameters, α = 42.3 eV Å
2
and α = −17.4 eV Å2. The insets
show the corresponding normal state calculations.
conductance peak. In our situation, the AR probability is slightly damped by the presence of the finite exchange splitting in the
F that gives also rise to a small probability for SR. Nevertheless, both probabilities are still fully independent of the scattering
potential so that the skew reflection mechanism cannot produce any spatial charge asymmetry and no Hall current can start
to flow (that means zero TAHE conductance as calculated). The latter finding might play an important role to experimentally
distinguish the underlying physical mechanisms of the Hall effect; the Hall conductances will only drop to exact zero at eV = |∆S|
in the case of the TAHE due to the described peculiarities of the skew reflection picture, whereas possibly additionally present
conventional anomalous Hall effects will give rise to finite Hall conductances even at the gap edge.
Similarly to our analysis in the manuscript, we illustrate in Fig. S3 the single contributions to the TAHE conductances that
can be associated to the various appearing skew reflection processes at the interface. Shortly speaking, the results confirm
the previously stated qualitative trends. While skew AR and SR parts are quantitatively equally important to generate sizable
TAHE conductances at zero bias (they indeed act together and enhance the effect there), we see by comparing the resolved
calculations to the full ones in Fig. S2 that particularly the qualitative variations occurring at finite bias are mostly governed by
skew AR. Moreover, the pronounced TAHE conductance peaks close to the gap edge stem also predominantly from skew AR
as one can most clearly see in the data belonging to Gx,z. We could have expected that from our argumentation in the preceding
paragraph, suggesting that AR is the dominant reflection process close to the gap edge. Therefore, the TAHE conductances must
again vanish exactly at the gap edge; see our explanation above.
VII. ROLE OF RASHBA SOC, BARRIER STRENGTH, AND THE F’S SPIN POLARIZATION
Up to now, we have not answered the questions how changing the strength of the interfacial Rashba SOC (Dresselhaus SOC
is determined by the material) by electrical gating [S17–S21] or designing different interface geometries, altering the barrier’s
strength (height and width), or replacing the F by one with different spin polarization might impact the investigated TAHEs.
To address the first question, Fig. S4 shows the maximal (zero-bias) TAHE conductances for various barrier strengths Z and
as a function of the effective dimensionless Rashba SOC parameter λR = (2mα)/~2; α = 42.3 eV Å
2
chosen for all calculations
in the manuscript refers to λR ∼ 11.2. Both Gx,z and Gy,z modulate in a highly nonmonotonic way when changing λR or Z. As a
consequence, there are in principle two practical ways to reverse the orientation of the flowing transverse Hall currents: either by
increasing the barrier strength at certain λR’s (as we observed in the Gy,z–Φ relations presented in Fig. 2 of the manuscript) or by
tuning λR for fixed Z (see also the next paragraph). The physical reason behind this must be attributed to the specific form of the
effective interfacial scattering potential, Veff [see Eq. (2) in the manuscript], which couples the (usual) barrier strength with the
SOC-dependent skew reflection part. Therefore, appropriately chosen combinations of Z and λR can reverse the Veff-dependent
asymmetry in the reflection probabilities, e.g., by creating a situation in which the particle with positive kx now formally feels
a strong “negative” Veff , while the particle with negative kx resides at a weak positive Veff . Given that the BTK-like reflection
probabilities are symmetric under a sign change of Veff , we conclude that now the particle with positive kx feels the raised barrier
which eventually exactly reverses the direction of the Hall current compared to the simple picture provided in our manuscript.
Another important consequence regarding the TAHE conductances’ magnitude has also been deduced from that skew reflection
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FIG. S6. Calculated dependence of the maximal zero-bias TAHE conductances, (a) Gx,z(Φ = pi/2) and (b) Gy,z(Φ = 0), normalized to
Sharvin’s conductance, on the F’s spin polarization P (P = 0.7 for Fe), and for various indicated barrier strengths Z; the Rashba SOC parameter
is α = 42.3 eV Å
2
. (A) and (B) show the corresponding normal state calculations.
picture in the manuscript. Strong barriers always inevitably suppress TAHEs; in the superconducting case even faster than in the
normal state. The general symmetry, we observe with respect to λR’s sign, is consistent with our symmetry analysis provided
in Sec. IV. There, we concluded Gx,z(Φ) ∼ −(α + β) sin Φ and Gy,z(Φ) ∼ (α − β) cos Φ; since λR = (2mα)/~2 ∼ α as well as
λD = (2mβ)/~2 ∼ β, this reduces to
Gx,z(Φ = pi/2) ∼ −λR − λD and Gy,z(Φ = 0) ∼ λR − λD. (S43)
As λD is kept constant within our calculations (specific for the SC layer’s material and thickness; see manuscript), Gx,z(Φ = pi/2)
directly merges into Gy,z(Φ = 0) when switching λR’s sign, just as our numerical simulations indicate.
Secondly, we present the modulation of the maximal (zero-bias) TAHE conductances with the barrier measure Z in Fig. S5.
For the Rashba SOC, we select two representative values of α = 42.3 eV Å
2
and α = −17.4 eV Å2, respectively; both values
lie well within experimentally accessible regimes [S17, S18]. As explained within our qualitative skew reflection model in
the preceding paragraph, increasing Z can already be sufficient (depending on the Rashba SOC) to reverse the Hall currents’
orientations. Particularly for the two regarded values of Rashba SOC, this applies to Gx,z for α = −17.4 eV Å2 and to Gy,z
for α = 42.3 eV Å
2
; the detailed SOC-dependence has been investigated above. Regarding the TAHE conductances’ amplitudes,
all previous arguments still hold. The effect is much more pronounced in the superconducting than in the normal-conducting
regime at moderate Z, but gets enormously damped in the tunneling limit referring to large Z (again even faster in the presence
of superconductivity).
XIII
FIG. S7. Calculated (zero-bias) AR and SR probabilities for an incoming spin up electron at the SC interface as a function of the effective
barrier parameter Zeff within our simple qualitative framework introduced in the manuscript; the F is half-metallic (P = 1.0). Since quasiparticle
transmissions are forbidden inside the S gap and AR is not possible as there are no minority spin partners, all incoming electrons undergo
SR. Therefore, skew reflection at effectively spin- and momentum-dependent barriers cannot produce any spatial charge asymmetry and the
Hall currents must vanish. In the normal-conducting state (inset), there are also allowed transmission processes (not explicitly shown) which
give rise to the characteristic variations of the SR probability with increasing Zeff , necessary for efficient skew SR and to generate measurable
Hall currents.
Another indirect evidence for the striking interplay between skew AR and SR can be extracted by studying the impact of the F’s
spin polarization, P, on the TAHE conductances’; so far, we always considered the special case of an iron electrode (P = 0.7).
Panels (a) and (b) of Fig. S6 illustrate the maximal (zero-bias) TAHE conductances’ dependence on P for different Z’s and
constant Rashba SOC, α = 42.3 eV Å
2
. For comparison, panels (A) and (B) reveal analogous normal state calculations. If the
junctions’ left electrode gets replaced by just a N (P = 0), there will no longer be a TAHE as the skew AR and SR contributions
of incident up and down spin electrons will exactly compensate. Nevertheless, it is important to observe that even very weak
spin polarizations are already sufficient in the superconducting junctions to generate sizable TAHE conductances; our chosen
value of P = 0.7 for Fe lies close to the optimal value to generate maximal Hall currents. Of particular interest in upcoming
experimental studies might be the case of a half-metallic F (P = 1.0), which reveals in Fig. S6 clearly distinct features in the
superconducting and normal-conducting state. Let us initially understand the S scenario. Since there are only majority spins
available close to the Fermi level, majority spins will not find minority spin partners to undergo (spin-conserving) AR. Within
our qualitative picture, all incident electrons must then be specularly reflected (quasiparticle transmissions are not possible in-
side the S gap), fully independent of the actual effective interfacial scattering potential; see Fig. S7. Just as concluded earlier
for the special case of eV = |∆S|, this means that incoming electrons will no longer experience a skew reflection asymmetry
and the TAHE conductance must vanish. However, the spin-flip skew AR and SR conductance contributions, which were not
included into the simplified qualitative picture as they have been shown to be negligibly small for Fe-based junctions, play a
more important role in the half-metallic junctions so that finally, a small, but finite, TAHE conductance remains. Particularly the
presence of (weak) spin-flip AR suggests that still a sizable (mostly) spin-polarized supercurrent response (due to triplet pairing)
in the S may be generated, especially interesting for superconducting spintronics. Contrarily in the normal-conducting case,
transmission processes need to be considered from the beginning on, even at zero bias. The resulting effective interplay between
SR and the transmission processes will again give rise to the characteristic skew SR, which eventually lets pronounced TAHEs
emerge—now in the normal-conducting regime and no longer in the superconducting scenario. In summary, the strongly re-
versing trends of the TAHE conductances’ amplitudes in half-metallic systems might provide another important experimental
fingerprint to unravel whether the junction is indeed in its purely superconducting phase.
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VIII. ESTIMATION OF TYPICAL TAHE VOLTAGES
For experimental purposes, it may be more convenient to directly measure the TAHE voltage drop instead of the associated
conductances. In a F electrode with cubic symmetry and the same size along xˆ and yˆ, the current and voltage components are
related as JxJy
Jz
 =
G⊥ Gx,y Gx,zGy,x G⊥ Gy,z
Gz,x Gz,y Gz,z
 ·
VxVy
Vz
 , (S44)
or inversely, VxVy
Vz
 =
 R⊥ Rx,y Rx,zRy,x R⊥ Ry,z
Rz,x Rz,y Rz,z
 ·
JxJy
Jz
 . (S45)
Under open circuit conditions, nonzero tunneling current flows along the junction, Jz , 0, while Jx = Jy = 0. Therefore, the
voltages are simply given by
Vx = Rx,zJz, (S46)
Vy = Ry,zJz, (S47)
as well as
Vz = Rz,zJz, (S48)
with the TAHE resistances
Rx,z =
−Gx,zG⊥ + Gx,yGy,z
Gx,z
(
−G⊥Gz,x + Gy,xGz,y
)
+ Gx,y
(
Gy,zGz,x −Gy,xGz,z
)
+ G⊥
(
−Gy,zGz,y + G⊥Gz,z
) (S49)
and
Ry,z =
Gx,zGy,x −Gy,zG⊥
Gx,z
(
−G⊥Gz,x + Gy,xGz,y
)
+ Gx,y
(
Gy,zGz,x −Gy,xGz,z
)
+ G⊥
(
−Gy,zGz,y + G⊥Gz,z
) . (S50)
Accordingly, the tunneling resistance is
Rz,z =
−Gx,yGy,x + G2⊥
Gx,z
(
−G⊥Gz,x + Gy,xGz,y
)
+ Gx,y
(
Gy,zGz,x −Gy,xGz,z
)
+ G⊥
(
−Gy,zGz,y + G⊥Gz,z
) . (S51)
The conductance tensor’s “transverse” diagonal components, G⊥(= Gx,x = Gy,y) describe the F region’s response to an applied
transverse voltage (without involving quantum mechanical tunneling). Specifically for an iron electrode with length ` = 10µm
and interfacial cross-section A = `2, we estimate its magnitude as G⊥ = σFe A` ≈ 100 Ω−1 [σFe ∼ 1.0 × 107 (Ωm)−1 is the
conductivity of iron [S22]]. In a similar way, Gx,y (accounting for the conventional anomalous Hall effect) is expected [S23] to
be just about Gx,y ≈ 0.8 Ω−1  G⊥ (and for simplicity, we assume Gy,x = Gx,y), which can be neglected in good approximation.
To compute typical values for the TAHE voltages, we use the numerically evaluated conductances for the junction with barrier
strength Z = 1 and applied bias voltage eV = 0.1|∆S|; see orange curves in Figs. S2(a) and (b). For the used parameters, the
tunneling current is about Jz = Vz/Rz,z = V/Rz,z ≈ 42 mA; for the resulting TAHE voltages, we finally obtain Vx ≈ 12µV and
Vy ≈ −30µV, which are indeed sizable TAHE voltages when compared to purely normal-conducting systems [S13, S24].
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